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Outline

1. Morse theory.
2. Floer homologies.

3. Atiyah-Floer conjecture + Atiyah’s arguments supporting
his conjecture (+ Taubes’s bonus).

4. Various approaches and attempts( &= 7 < 20min.).



1.1 - Morse theory (20’s)

Morse :

Get topological data of a
manifold M by considering the 2
critical set

i
crit(f) :={x € M : df|, = 0}
of a Morse function
f:M—>R a |

s x (M) = X0 o(=1Yei(f). 0

X(M) =" (=1)b(M)
i=0

(*try it now*)



1.2 - Morse homology (40°s ~» 60°s)

Thom, Smale & Milnor :

Morse-Smale pair (f, g).

~»  Complex generated by

crit(f).

~» @ couts gradient curves.

w32 =0

~» Morse homology !

H.(M;Z) = H.(M,(f,g))



2.1 - Floer homologies (80’s)

Floer [2, 3] : Studying the topology of a manifold M by
counting "gradient curves" joining critical points of some
S : A — R on an auxiliary space A.

- A

~~» Floer homology HF.(M)# H.(M) (= new invariants).



2.2 - Instanton Floer homology (80’s)

Context : (necessarily) trivial SU(2)-principal bundle
SUQ2) — Py 5 Y3 where Y3 is ZHS, i.e. H.(M;Z) = H*(S3;Z)

Q @D
@ Y

Auxiliary space : the space of connexions on Py :

Ay = QN(Y;s5u(2)) (+ technical properties)



2.3 - Instanton Floer homology

Auxiliary S : Chern-Simons functional
2
Scs : Ay - R Scs(A)Z/Tr(A/\dA+§A/\A/\A
Y

Here, crit(Scs) = ﬂlﬁ, and "gradient curves" describe a
connexion over X* = ¥3 x R with ASD curvature form Fy :

*gFA =—Fy

IF |

=)
A‘ﬂi‘ E\M = U

im IFl= O
to+00

.

SR



2.4 - Lagr. int. Floer homology (80’s-...)

Context : Symplectic manifold (M?", w)
(w ce’M) & dw=0 & w non—degen.)
endowed with two Lagrangian submanifolds Ly, L — M
(dimLy=dimL; =n & w|,=wl|, =0)

Auxiliary space : T :={y : [0,1] = M|y(0) € Lo, y(1) € L}




2.5 - Lagr. int. Floer homology

Auxiliary S : Consider S : I' — R such that :

1
(@S)], (&) = /0 O£, Yy € TVE € T,T = I™(y'TM)

Here, crit(S) = Ly N L; and "gradient curves of S" describes
J-holomorphic curves in M :

u:[0,1]XR — M where du := dsu + JOu =0

> HFiag(M , Lo, L1) (*certain conditions apply*).



3.1 - Atiyah-Floer conjecture (80’s)

Context of the conjecture :LetY =Y . I]JC(Z) Y; be a ZHS?

endowed with a Heegaard splitting (here £ = dY, and
f(Z) = 0Y; where Y, Y] are handlebodies and where
f € MCG(X)). Visually :

& an

7 e i)

VUV




3.2 - Atiyah-Floer conjecture

The set of (gauge classes of) flat connexions over X that extends
to (gauge classes of) flat connexions over the handlebody Yj
(resp. Y1) describes a singular and immerged (after
perturbations) Lagrangian submanifold Lo (resp. L;) in the
symplectic orbifold "moduli space of flat connexions over X" :

L(), L, C Mg = ﬂg/gz




3.3 - Atiyah-Floer conjecture

Atiyah [1] : HRY3(MU, Lo, L;) = HF™(Y)?



3.4 - Atiyah’s 1st argument

Atiyah’s 1st argument :

The bijection
LoynL; & Mt

matches both Floer’s complex’s generators

CF(MI Lo, L)) and CF™\(Y)



3.5 - Atiyah’s 1st argument

~» It remains to show that both complex’s differential matches.
ie.:

(1+%)6=0
ASD




3.6 - Atiyah’s 2nd argument

Atiyah’s 2nd argument (ASD~>CR) : Thicken Z to X X [0, 1] :

Y=Y uX 1 Y,
020( x [0, ])Z|—|1 |

= Y=Y UEoY

r”“’—/\“_"_\
— @[5
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3.7 - Atiyah’s 2nd argument

We are interested in the X2 x [0, 1] X R part of X* = Y3 xR :

% xR

Yo xR

In temporal gauge, the ASD equation *¢F4 = —F4 decomposes,
for a family of (Riem.) metrics g; = A lgs + 2%ds? + dr?,
A € Ry, in two equations :

(1) FAM = /1_1 *gs atSOS,t

(2) A_lasAs,t + *gzatAs,t = dAs,, Pt

16/20



3.8 - Atiyah’s 2nd argument

Consider this surface :
u(s,t) ;== Ag; 1 [0, 1] xR — As
and this complex structure over Ay :
J := %q. (because *;z = —1 over Q'(Z;s5u(2)))
= equation (2) reformulates as
() A'duls, 1) + Jou(s, 1) = da,, s
~» that’s almost the CR eq. of J-holom. curves

ou=0



3.9 - Atiyah’s 2nd argument

To have u resting in A, Atiyah proceeds by adiabatic limit by
stretching the neck ¥ X [0, 1] of Y :

~——e-

Indeed : lim) 400 Fa,, = limy— e A1 *gy go([) 0.



3.10 - Atiyah’s 2nd argument

Problem 1 : im0 (3) is JO;u(s,t) = da,, s,
Which is less CR than before...

Problem 2 : are Lagrangian boundary conditions (of « in
(M Lo, L)) verified ?

Problem 3 : Is Atiyah’s ASD~»CR procedure a bijection ?
Nevertheless, bonus argument in favor of the conjecture :

Taubes [6] showed that both complex’s Euler characteristic
matches.




4.1 - Various approaches and attempts

Atiyah’s original conjecture is still open.

Salamon and Wehrheim’s approach is about instantons with
lagrangian boundary conditions.

There are various variants of the conjecture :

e Floer’s variant : non-trivial SO(3)-bundle over mapping
torus. Proved by Dostoglou & Salamon.

e Fukaya’s variant : non-trivial SO(3)-bundle & hybrid
ASD/CR equation
e and many other versions/attempts proposed by Wehrheim,

Woodward, Manolescu, Duncan, Lipyanskiy, Yoshida, Lee,
Li, etc.
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